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ABSTRACT. A general affine connection has enough degrees of freedom to describe the classical 
gravitational and electromagnetic fields in the metric-afBne formulation of gravity. The gravita- 
tional field is represented in the Lagrangian by the symmetric part of the Ricci tensor and the 
classical electromagnetic field can be represented by the tensor of homothetic curvature. The sim- 
plest metric-afflne Lagrangian that depends on the tensor of homothetic curvature generates the 
Einstein-Maxwell equations for a massless vector. Metric-affine Lagrangians with matter fields de- 
pending on the connection are subject to an unphysical constraint because the symmetrized Ricci 
tensor is projectively invariant while matter fields are not. We show that the appearance of the 
tensor of homothetic curvature, which is not projectively invariant, in the Lagrangian replaces this 
constraint with the Maxwell equations and restores projective invariance of the total action. We also 
examine several constraints on the torsion tensor to show that algebraic constraints on the torsion 
that break projective invariance of the connection and impose projective invariance on the tensor 
of homothetic curvature replace the massless vector with a massive vector. We conclude that the 
metric-affine formulation of gravity allows for a mechanism that generates masses of vectors, as it 
O I happens for electroweak gauge bosons via spontaneous symmetry breaking. 

I. INTRODUCTION 

(N 

> . . . . 

^vq ' There exist three formulations of general relativity: purely metric, metric-affine and purely affine 1]. In the purely 

, metric (Einstein-Hilbert) formulation, the metric tensor is a variable (gravitational potential) and the field equations 
' are derived by varying the total action with respect to the metric. The affine connection is the Christoffel-Levi-Civita 
] connection associated with the metric and the Lagrangian density for the gravitational field is linear in the symmetric 
^\ • part of the Ricci tensor. In the metric-affine (Einstcin-Palatini) formulation, both the metric tensor and a torsionless 
' connection are independent variables (gravitational potentials) and the field equations are derived by varying the 
D action with respect to these quantities. The Lagrangian for the gravitational field is linear in the symmetric part of 

■ the Ricci tensor. In the purely affine (Einstein-Eddington) formulation, a Lagrangian density depends on a torsionless 
affine connection and the symmetric part of the Ricci tensor. This formulation constructs the (symmetric) metric 
tensor as the Hamilton derivative of the Lagrangian density with respect to the symmetrized Ricci tensor, obtaining 
an algebraic relation between these two tensors. The field equations are derived by varying the action with respect to 

■ the connection, which gives a differential relation between the connection and the metric tensor. This relation yields 
" " a differential equation for the metric. 

Ferraris and Kijowski showed that all three formulations of general relativity are dynamically equivalent and the 
relation between them is analogous to the Legendre relation between Lagrangian and Hamiltonian dynamics 
The relation between the purely affine and metric-affine picture of general relativity shows that the metric-affine 
Lagrangian density for the gravitational field is a Legendre term (with respect to the symmetrized Ricci tensor) 
corresponding to the scalar product of the velocities and momenta in classical mechanics [^] . The purely metric and 
metric-affine picture of general relativity are related by a Legendre transformation with respect to the connection, 
and the Lagrangian density for the gravitational field in these pictures automatically turns out to be linear in the 
curvature tensor py. The equivalence of the three formulations can also be shown for theories of gravitation with 
purely affine Lagrangians that depend on the full Ricci tensor and the tensor of homothetic curvature 0] , and a 
general connection with torsion [j, |5|. There also exist formulations of gravity in which the dynamical variables are: 
metric and torsion (Einstein-Cartan theory) 6, metric and nonsymmetric connection [8, 9], tetrad [lol . tetrad and 
spin connection (Einstein-Cartan-Kibble-Sciama theory) [11], pure spin connection [12], and spinors [131 ]. 



- ' — \ 

X 



•Electronic address; |nipoplaw@indlana.edu| 



2 



Both the purely affine and metric-afhne picture yield the same field equation from varying the action with respect 
to the connection. The difference between these two formulations is the role of the metric. In the purely affine picture 
the metric is defined from the Lagrangian density as a gravitational momentum, while in the metric-affine picture the 
metric is a variable (configuration) Accordingly, the algebraic relation between the Ricci tensor and the metric 
tensor follows from a Hamilton-derivative definition in the purely afhne picture and from a variational principle in 
the metric-affine picture. In this paper we examine only the field equations obtained from varying the action with 
respect to the connection. Therefore our results are valid for both the purely affine and metric-affine picture. 

In general relativity, the electromagnetic field and its sources are considered to be on the side of the matter tensor 
in the field equations, i.e. they act as sources of the gravitational field. In unified field theory, the electromagnetic 
field obtains the same geometric status as the gravitational field A general affine connection, not restricted 

to be metric-compatible and symmetric, has enough degrees of freedom to make it possible to describe the classical 
gravitational and electromagnetic fields. Both the purely affine and metric-affine formulation of gravity allow an 
elegant unification of these fields. Ferraris and Kijowski showed that while the gravitational field in the purely affine 
formulation is represented by the symmetric part of the Ricci tensor, the electromagnetic field can be represented by the 
tensor of homothetic curvature [15] . The purely affine Lagrangian for the electromagnetic field, that has the form of the 
Maxwell Lagrangian in which the metric tensor is replaced by the symmetrized Ricci tensor and the electromagnetic 
field tensor by the tensor of homothetic curvature, is dynamically equivalent to the sourceless Einstein-Maxwell 
Lagrangian in the metric-affine and metric formulation [l5l.[T6j. Such a construction can be generalized to sources [l7| . 
Ponomarev and Obukhov introduced the same construction in the metric-affine formulation of gravity ^ISJ . 

Affine (metric-affine and purely afhne) Lagrangians that depend on the affine connection not only through the 
symmetric part of the Ricci tensor but also through matter fields, are subject to an unphysical constraint on the 
source density [a, 9 1 Il9l . This constraint is related to the fact that the symmetrized Ricci tensor is projectively 
invariant M. Tl9 7\2(jl^ while the matter part of the Lagrangian is generally not. The inclusion of the tensor of 
homothetic curvature (the electromagnetic field), which is also projectively non-invariant, in an affine Lagrangian 
replaces this constraint with the Maxwell equations and restores projective invariance of the total action without 
constraining the connection flT'l . 

In this pap er we consider the metric-affine formulation of gravity. In Sec. we show, following Ponomarev and 
Obukhov , that the simplest metric-affine Lagrangian which depends on the tensor of homothetic curvature (this 
Lagrangian has the form of the Maxwell Lagrangian in which the electromagnetic field tensor is replaced by the tensor 
of homothetic curvature) generates the Einstein-Maxwell equations for the massless Weyl vector [8,, ^Q] (corresponding 
to the photon). Therefore the degrees of freedom contained in the affine connection provide an elegant way of unifying 
the classical gravitational and electromagnetic fields also in the metric-affine formulation of gravity. The above 
Lagrangian was already mentioned, though without further investigation, by Hehl, Lord and Smalley 0] to remedy 
projective invariance of the gravitational action, and further studied by VoUick using a symmetric connection [27|. A 
similar Lagrangian, with the electromagnetic field tensor represented by the curl of the torsion vector, was studied by 
Hammond [1^. In Sec. IIIII we pres ent the general solution for the affine connection in the presence of matter fields 
that depend on the connection 18'|. 

In Sec. IIVI we use the Lagrange-multiplier method of Hehl and Kerlick ^Sj] to show that algebraic constraints on 
the torsion that break projective invariance of the connection and impose projective invariance on the tensor of 
homothetic curvature replace the massless Weyl vector with the massive Weyl vector related to the corresponding 
Lagrange multiplier. The mass of this vector is given by the coupling of the affine electromagnetic Lagrangian to 
the gravitational field. We examine several algebraic constraints on the torsion tensor. We observe that the metric- 
affine formulation of gravity allows for a mechanism that generates masses of vectors, as it happens for electroweak 
gauge bosons via spontaneous symmetry breaking of the S U(2) x U{1) group (23j . A geometrical mechanism of mass 
generation was already noted by Ponomarev and Obukhov [l8| who included the square of the torsion tensor in the 
gravitational Lagrangian, Hammond |22] who added the square of the torsion vector, and VoUick [2l| and Hejna |23| 
who used a symmetric connection. In this paper we treat this mechanism systematically using a Lagrange-multiplier 
formalism [s^ that allows us to study arbitrary constraints on the afhne connection. We briefly discuss and summarize 
the results in Sec. IVl 



II. FIELD EQUATIONS IN METRIC-AFFINE GRAVITY 

A general metric-affine Lagrangian density £ depends on the affine connection T^^ and the curvature tensor, 
^^iiaf = ^ifu.a ~ ^11(7,1' + ^i^i^^Kcr ~ ^i^a^Ki^j '^^11 as the Symmetric metric tensor g^j,^ of the Lorentzian signature 
(+,—,—,—). The antisymmetric part of the affine connection is the Cartan torsion tensor, 5''^^ — ^i^J^^^ while its 
symmetric part can be split into the Christoffel-Levi-Civita connection, {ff^Jg = \g''^{gu\.^j. + S/jA.i/ ~ 9nu.\)i f^nd 
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terms constructed from the torsion tensor and the nonmetricity tensor, Nf^up = gp,v;p 

r/. = + s^,. + 2^(,,/ + \np/ ~ N\^^^, (1) 

where the semicolon denotes the covariant differentiation with respect to T p^, (we use the notation of [1^). The Weyl 
vector is defined as [1, Q : 



1 _ 1 



W. = -{TP,-{P^,)=—NPp,. (2) 



We assume that the dependence of C on the curvature is restricted to the contracted curvature tensors [4j , of which 
there exist three: the symmetric P^^ = R(^u) antisymmetric R[^u] part of the Ricci tensor, R^^, = i?''^^^, and 
the antisymmetric tensor of homothetic curvature: 

which has the form of a curl [13, ■ The tensor of homothetic curvature is proportional to the curl of the Weyl 
vector: 

Q^^ = 2(VF,,p - Wp,,). (4) 

In addition, we assume that C does not depend on i?[p^]. The simplest metric-affine Lagrangian density that depends 
on Ppjy is the Einstein-Palatini Lagrangian density of the gravitational field [l| : 



= -^Ppug^", (5) 

Ik. 



where k = 8ttG (c = 1), g^" = yj—gg'^" and g — det{g^,y). The total Lagrangian density for the gravitational field 
and matter is given by £g + Cm, where £„i is the Lagrangian density for matter that depends in general on both 
the metric and connection. The variations of Cm with respect to the metric and connection define, respectively, the 
dynamical energy- momentum tensor T^^: 



2 SCm ,„\ 



and the density conjugate to the connection (called hypermomentum in [1, Q): 



nv - -2«-^, (7) 

which has the same dimension as the connection.^ 

The theory based on the Lagrangian density ([5]) without any constraints, i.e. with fully independent metric and 
connection, does not determine the connection uniquely because Cg is invariant under projective transformations of 
the connection [1, H, i, [Hi : 

rA^r;, + <5^A., (8) 

where is a vector function of the coordinates. The same problem occurs if Cm does not depend on the connection, 
e.g., for electromagnetic fields or ideal fluids. Therefore at least four degrees of freedom must be constrained to make 
such a theory consistent from a physical point of view If, however. Cm does depend on the connection, e.g., 
for spinor fields or viscous fiuids, the projective invariance of Cg imposes four algebraic constraints on the source 
density ([7]) and restricts forms of matter that can be described by the metric-affine formulation of gravity ^8,, ^, ,19j . 
Consequently, we must change the form of the Lagrangian for the gravitational field so that it is not projectively 
invariant. 

To break projective invariance of the field part of the Lagrangian we add a term that depends on the tensor of 
homothetic curvature Q^jy [9]. The tensor Q^jy is invariant only with respect to special projective transformations. 



^ The variational derivative of a function C{4>, 4>,i_i) with respect to a variable <j) is defined as ^ = ^ — { ^J' ),fj,- 
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i.e. projective transformations ([8]) with = X,^, where A is a scalar function of the coordinates [1^. The simplest 
metric-affine Lagrangian density that depends on Q^^, proposed by Hehl, Lord and Smalley 0], Ponomarev and 
Obukhov [13] , and Vollick [2l| , has the form of the Maxwell Lagrangian for the electromagnetic field: 

/:q (9) 

where a is a constant. Consequently, the total action is 5 = / d'^x{Cg + Cq + Cm)- Varying S with respect to the 
metric tensor and applying the principle of least action (55 — for arbitrary variations of g^'^ yields the Einstein 
equations: 

Ppiu - i^Pg^iu = nf^y = nT^y + nai^Qp^QP" g^^u - Qf_,pQ/^ , (10) 

where P — P^^g^'' is the Ricci scalar. 

The variation of S with respect to the affine connection is 6S = — ^ / d^x{g^^'^ SP^^i, + h^'^5Q^^ + n^^'^^F^''^), where 
the antisymmetric tensor density h^^" is defined as [13]: 

hM-'^.a.i^. (11) 

oQp.1, 

For the Lagrangian density ([9]), the tensor density h'"' is linear in the tensor of homothetic curvature: 

U"" = Ka^Q"". (12) 

If we do not restrict the connection T^^ to be symmetric, unlike in [^T], the variation of the Ricci tensor is given by 
the Palatini formula [i,[23,[ll: 

SRp, = <5f;,^^ - jf;^^, - 2S%jr;,. (13) 

Using the identity / d^x(V^);^ = 2/ d'^xSpS'^ [l^, where is an arbitrary vector density and S^^ = 5"^^ is the 
torsion vector, and applying the principle of least action 5S = Q for arbitrary variations of T ^^^^ we obtain 

g^";p - g^";.<5; - 2g'^"^5p + 2g^''S,5; + 2g^''S%, = + 2h'"^_„,5;. (14) 
This equation is equivalent to 

g^^p + *^a^g^'' + - *r;^pg'^" = - Jnv^; + 2h''%<5,^ - ^h^^.-^;, (15) 

where *V p^, = F^''^, + ^S^^Si, is the projectively invariant connection (Schrodinger's star-affinity) [2^ . 
Contracting the indices fx and p in Eq. pi)) yields 

h"%=r, (16) 

where 

r - ^nv- (17) 

Equation ^6]) has the form of the Maxwell equation for the electromagnetic field. The density H^^'', in addition 
to T^^, represents the source for the metric-affine field equations. Since the tensor density h^"^ is antisymmetric, 
the current vector density j** must be conserved: j'' ^ = 0, which constrains how the connection T can enter a 
metric-affine Lagrangian density C: H'^^" ^ = 0. We note that if C does not depend on Q^jy, the field equation (fT7)) 
becomes a stronger, algebraic constraint on how the Lagrangian depends on the connection: n'^g." = 0, which restricts 
forms of matter that can be described by the metric-affine formulation of gravity [1, [^, [l^ . The dependence of a 
metric-affine Lagrangian on the tensor of homothetic curvature , which will be associated with the electromagnetic 
field, replaces this unphysical constraint with a field equation for the tensor density h^'^ (the Maxwell equations if this 
dependence is given by Eq. ([9])).^ 



^ One way to overcome the constraint H'^^^" = is to restrict the torsion tensor to be traceless: Sp = [Tgll . This condition enters the 
Lagrangian density as a Lagrange multiplier term yJ—gB^^ Sf_i , where the Lagrange multiplier B^^ is a vector. Consequently, there is an 
extra term -2Ky=g_B'''(5p' on the right-hand side of Eq. JTUl and Eq. becomes h"" ^„ = + '^'^^^ B" . Setting = -^-^^j" 
removes this constraint if C does not depend on Q^i^, or yields the wave equation h"^" ^ = if £ depends on Q^,/. In both cases, the 
vector density j'^ does not need to be conserved. Therefore introducing the dependence of C on Q^i, is more suitable than imposing 
•Sfi = if we want to unify gravitation and electromagnetism in the metric-affine formalism. Another way to overcome the constraint 
IT^^" = is to restrict the Weyl vector to vanish: Wp = Q. 
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The tensor P^^ is invariant under an infinitesimal projective transformation 5Tp^ = S^SVi^.^ Under the same 
transformation, the tensor changes according to Q^;^ Q^^ + 4((5Vy^^ — 5V^,^). Consequently, the action changes 
accordingtoJS'^ d'^xlm p'^ST P^+h^'''6Q^^) d'^x{W ^P+hU'"' ^)5V^,. This expression is identically zero 

due to the field equation (jl6p so, although Cm and Cq are not projectively invariant, the total action is. The formal 
similarity between the tensor of homothetic curvature Q^i, and the electromagnetic field tensor F^i, — A^^^ ~ A^^^, 
(both tensors are curls) suggests that they are proportional to one another [3, [l5|. If ?i = 1 then the constant of 
proportionality has the dimension of electric charge [151] and, without loss of generality, can be taken equal to the 
charge of the electron e: 

F^y = eQ^y. (18) 
Accordingly, the Weyl vector is proportional to the electromagnetic four-potential A^: 

M^M = ^^M- (19) 

The degrees of freedom contained in the afiine connection provide an elegant way of unifying the classical grav- 
itational and electromagnetic fields in the metric-afhne formulation of gravity. In addition, the Maxwell equations 
constrain the desired four degrees of freedom so that the metric-afRne formulation of gravity is consistent from a 
physical point of view ^^i] ■ Finally, we can interpret the electromagnetic field in a metric-affine gravity as a field whose 
role is to restore projective invariance of a metric-afRne Lagrangian broken by matter terms that depend explicitly 
on the affine connection, without constraining ad hoc the connection (l7| . 



III. SOLUTION OF FIELD EQUATIONS 

Substituting Eq. ()17p to (|15|) and symmetrizing the indices /i and v yield 

where 

s V = n^'^/^ - Isl^n-l'- - ^n'^.*"'^;;) . (21) 

Equation (|20p is algebraic and linear in as a function of the metric tensor, its first derivatives and the density 

n^p". We decompose the connection *rP^, as (17l |: 

where V^^, — 3^^^, + 25'^^^^'' -|- \N^^p — N''^^^-^ + ^S^Si, is a projectively invariant deflection tensor. Consequently, 
the Ricci tensor R^^, associated with the affine connection T^^ is given by [20| : 

2 

Rfii^ = Rffiy — -^{Si,:p — Sf_i;i,) + V^^j.p — V^p.j, + V^p^V^^p — V^ppV^^, (23) 

where R^ffJ is the Riemannian Ricci tensor constructed from the metric tensor gp^, and the colon denotes the covariant 
differentiation with respect to {pu}g- Equation ()10|) and symmetrized Eq. (I23p give the Einstein equations in the 
purely metric formulation: 

4'^ - ^R^'^g^.^ = <Tpy + ©M-), (24) 
where Qpi, is the effective energy-momentum tensor generated by the affine connection: 



3 Equation ([Taj yields &Pp^ = for SV^,, = S^SV„ 
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The Bianchi identity {R'^'^^s^ — ^R^^^ g^'^):i, = yields the covariant conservation of the total energy-momentum 
tensor: {f'^'' + 0'^"):^ = 0. 

Substituting Eq. ^ to ([20]) gives 

^Vrtg""^ + ^\p^)^'"' - - ^V- (26) 

Its solution is: 

V\^^^ = ^(A^'/g^. + AV.9.a - ^%%,o.9.p9'"'), (27) 
9 

where 

A^/ = E^/ - ]^^^fg^f,g^r (28) 
Substituting Eq. (|17p to (|15p and antisymmetrizing the indices /i and yield 

where 

= n'";' - ^ni^/ij,^ + inV'^p^ (30) 

is a traceless tensor density. Consequently, we find 

V\^^^ = ^l={n^P^g^, _ n^P-g,, - f]/'55,,„g,;5g''^). (31) 

Equations (|27p and pTjl give the tensor T^'^^^ which is linear in If^p" [l3| ■ A general solution for the affine connection 
in the presence of matter fields that depend on the connection is also given in [T^ . 

Equation ([^ gives the following expression for the tensor of homothetic curvature [l^l : 

g 



Accordingly, the Weyl vector is: 



The torsion vector is related to the electromagnetic potential via Eq. ((32|) and the correspondence relation p8 

3/ A 
8 V e 



^^-o(-— + n^- (34) 



Gauge transformations Ai, — + \,y (equivalent to special projective transformations) do not affect Eq. ([32]) and 
the total action. Equations (|12p and (fTB|) reproduce the Maxwell equation with source, --^={^^ — gFoL(i9'^°' 9^^^ ,v — j^, 
where is the electromagnetic current four- vector [23|, if we identify: 

j'' = -V-g.f. (35) 

e 

If there are no sources, 11^^'^ = 0, the connection T^^ depends only on the metric tensor g,,,^ representing the 
gravitational field and the torsion vector S"^ proportional to the electromagnetic potential jisl. l22j| and thus to the 
Weyl vector. If we impose the Lorentz condition W^.^ = (by applying a suitable special projective transformation), 
Eqs. (HI]), (fTB)) and ([5^ yield the wave equation for the massless Weyl vector: 

AgWP-R^^^^^W = 0, (36) 



The torsion vector in |22|| is proportional to the electromagnetic potential. 
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where denotes the covariant d'Alembert operator with respect to {^^}g- 

Lastly, we consider the case when the source density ([7|) is antisymmetric (which we study in the next section): 

n^/ = nf^^''i. (37) 

Equations (Ell), (EZ]) and (ES]) give V^^^^ = -j^g^^^'f, while Eqs. ^ and ^ give V^^^ ^ 0. Therefore we find 

= (38) 
^ 3e 

and the tensor of homothetic curvature is: 

Qp.i' — ~'^{Sv.ji ~ Sfj,,^) ^^{jij.fj, — (39) 

The torsion vector turns out to be, due to Eq. (j34p . a linear combination of the electromagnetic potential and the 
electromagnetic current: 

S. = -Ia^-^j.. (40) 
8e 4e 

The Weyl vector, proportional to the electromagnetic potential due to Eq. satisfies now 

A.W - R'' , = (41) 

playing the role of the massless vector (photon) generated by the tensor of homothetic curvature in a metric-affine 
Lagrangian in the presence of electromagnetic sources. 



IV. GENERATION OF MASS FROM ALGEBRAIC CONSTRAINTS ON TORSION 



Combining Eqs. H!]), HID, (EH) and ([Ml) gives 

- (f (^''■'' - s^^n + ^(j"-'' - rn),^^ = r- m 

This equation formally looks like a dynamical equation for the vector field j^. However, the vector is not a 
dynamical field but constitutes the source for the dynamical field (or ^^) since Eq. (|^^ reads 

2e{W''-''-W''-'')..^^f, (43) 

or Eq. (|41|) . We can ask whether it is possible to turn the vector into a dynamical field and thus modify Eq. (j43|) . 
The answer is yes and the mechanism to dynamize the source j'^ is related to constraining the torsion tensor. To 
constrain the torsion we use the Lagrange-multiplier method of Hehl and Kerlick [Sj] that allows to study arbitrary 
constraints on the affine connection. 



A. Torsionless connection 



Let us consider the strongest constraint on the torsion tensor: 



S"^. = 0. 



(44) 



This condition enters the Lagrangian density as the Lagrange-multiplier term, \/—gPp'^'^S'^^^, where the Lagrange 
multiplier /Jp'^" is a tensor field antisymmetric in the indices /i and v. 



a 
T 



(45) 
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Varying the corresponding action with respect to the field /3p'^'^ gives Eq. (|44|) and thus S*^ = 0. Let us also assume, for 
simplicity, the absence of matter fields, = 0. To solve the field equation related to the variation of the connection, 
we treat the Lagrange-multiplier term as the effective Lagrangian density for matter.^ Consequently, we find 

= -2KV^f3/- (46) 

and, because of Eq. (|35|). 

f = ^-P^- (47) 
Accordingly, the Weyl vector is given by Eqs. ([55]) and ([55)1 : 

Kfy 

= -—J.. (48) 
3e 

The source density is antisymmetric so we can apply the results of the preceding section and Eq. (03]), obtaining 

The Lorentz condition W^^.^ = is satisfied automatically, yielding the Einstcin-Proca equation for the massive Weyl 
vector:^ 

AgW^' -R^'^^^^W + mlrW^ = 0, (50) 

with mass 



'mw = \l7r-- 
V 2na 

The mass of the vector is determined by the coupling constant a. The same result was observed by VoUick who 
used the symmetric connection in a variational principle |2l| . 



B. Traceless torsion 



We now consider a weaker constraint on the torsion tensor, imposing its trace to vanish: 

5^ = 0. (52) 

This condition enters the Lagrangian density as the Lagrange-multiplier term: y/—gB^Sf^ (cf. footnote [2]) , so the 
total Lagrangian density is: 

£^-:^P,,g''-^jV^Q^.Q''- + V^B^^S„ (53) 

Zk 4 

since varying the corresponding action with respect to the field gives Eq. ([52]) . We again treat the Lagrange- 
multiplier term as the matter part of the Lagrangian, obtaining 

n"/ ^ -2k\/^b1''5;1 (54) 

and 

f = I^S^ (55) 



^ In the following text, j'^ denotes not the electromagnetic current (which is zero in the absence of matter fields) but the effective current 

four-vector associated with a Lagrange-multiplier constraint on the connection. 
^ The massive Weyl vector loses the meaning of the quantity representing the electromagnetic potential. 
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The source density (1541) is again antisymmetric so we can apply the results of the preceding section and Eqs. 
and pS)) . obtaining the Einstein-Proca equations (05]) and (1501 for the massive Weyl vector of mass ([5T|). 
We obtain the same results if the torsion vector is a gradient of a scalar: 

Sfj. — X,fi, 

which is weaker than the constraint (j52[) . Therefore it is the constraint Su — A or equivalently S^n — Sn,v 



(56) 



0, 



that gives mass to the Weyl vector in our Lagrangian. From Eq. (|32|) it follows that this condition causes the tensor 
of homothetic curvature to depend only on the projectively invariant tensor V^j^^, i.e. imposing projective invariance 
on the tensor of homothetic curvature gives mass to the vector degree of freedom of our Lagrangian. 



Vector torsion 



We now consider a different constraint on the torsion tensor 

_ 2 



(57) 



i.e. the torsion tensor depends completely on the torsion vector.^ This condition enters the Lagrangian density 
as the Lagrange-multiplier term: yf—gip^^iSP^j, — f^^^fJ^j), where the Lagrange multiplier 7^^'' is a tensor field 
antisymmetric in the indices /i and v. 



(58) 



Varying the corresponding action with respect to the field 7p^'' reproduces Eq. (l57|) . We again treat the Lagrange- 
multiplier term as the matter part of the Lagrangian, obtaining 



-2k./^ 



(59) 



The effective current vanishes identically: 



f = 0. 



(60) 



Accordingly, the Weyl vector is given by Eqs. 



and 



and is massless, satisfying 



(61) 



(62) 



The condition (|57p is the only algebraic constraint on the connection that is projectively invariant and contains 
only the torsion tensor. Therefore we can state that constraints that break projective invariance generate mass of the 
vector associated with the dynamical connection (the Weyl vector), while projectively invariant algebraic constraints 
on the connection do not generate mass of this vector. From Eq. (|32p it follows that this condition causes the 
tensor of homothetic curvature to depend on the torsion vector which is not projectively invariant. Since we do not 
impose projective invariance on the tensor of homothetic curvature, the vector degree of freedom remains massless 
(cf. SubsecHvH). 



^ Contracting the indices fj, and p yields tiie identity. 
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D. Nonlinear constraints on torsion 



We examined three simplest (linear) constraints on the the torsion. Let us consider the simplest quadratic constraint: 

S'^S^ = 0, (63) 

introducing it through the Lagrange-multiplier term, yJ—gCS^Sp^. Varying the corresponding action with respect to 
the field C reproduces Eq. Following the previous subsections, we find 

= -4«;\/^CS'['^(5;l (64) 

and 

f = ^CSr (65) 
4a 



Accordingly, the Weyl vector is given by 



and satisfies 



Equation ((4T|) reads 



= + (66) 



W^'W^, = 0. (67) 



9C 

A„W^'-R^,,W'' = T-rT-W^'. (68) 

"^3) 32a(l + 2^) ^ ' 



Equation ([68)) has the form of the Einstein-Proca equation ([50| with an effective mass 



which depends on the scalar field C . The field C replaces the degree of freedom that is constrained by Eq. (p7)l . The 
effective mass of the Weyl vector ranges from mw = for C = to mw = \J as in Eq. ((5T|) . for C — > 00. The 
dependence of the effective mass on the scalar degree of freedom is a consequence of the non-zero torsion vector S^. 
Nonlinear constraints, unlike those in Eqs. (|44)) and ([52| . do not impose vanishing of this vector so the Weyl vector is 
a linear combination of and the effective current. If a nonlinear constraint on the torsion has the form of a scalar, 
the corresponding Lagrange multiplier is a scalar density and the resulting degree of freedom that appears in place of 
this constraint is a scalar which enters the effective current and effective mass. Since the field equations arising from 
nonlinear constraints on the torsion are not simple Einstein-Maxwell or Einstein-Proca equations, we conclude that 
these constraints do not correspond to physical conditions (vector particles with constant masses) . Similar conclusions 
can be made for nonlinear constraints on the connection that have the form of tensors and for constraints that contain 
covariant derivatives. 



V. DISCUSSION AND SUMMARY 



The degrees of freedom contained in the affine connection not only provide an elegant way of unifying the classical 
gravitational and electromagnetic fields within the metric-affine formulation of gravity, but also can incorporate 
massive vectors. The simplest metric-affine Lagrangian that depends on the tensor of homothetic curvature generates 
the Einstein-Maxwell equations for the electromagnetic potential corresponding to the massless photon. In the 
previous section we examined three linear constraints on the antisymmetric part of the affine connection (the torsion 
tensor). We found that constraints that break projective invariance generate the Einstein-Proca equations for a 
massive vector which appears in place of the photon. Therefore projective-invariance breaking generates masses of 
vectors in metric-affine gravity that incorporates the tensor of homothetic curvature. We also examined one simple 
quadratic constraint on the torsion and concluded that nonlinear constraints generate the Einstein-Proca equations 
with running masses that do not correspond to physical vector particles. 
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Although we only considered algebraic constraints on the torsion, the Lagrange-multiplier formalism allows to 
study arbitrary constraints on the affine connection. We can, e.g., require the connection to be metric-compatible 0]: 
9iiu;p — 0, which implies T — {^i,}g and thus Q^^, — 0. Therefore, under this condition, the electromagnetic 
field loses its association with the afSne connection since imposing the metric-compatibility on the connection means 
that we are dealing with the purely metric formulation of gravity rather than metric-affine. We can also introduce 
differential constraints on the torsion, such as 5*^;;/ = 0. These constraints, however, impose ad hoc differential 
equations on the connection which should result from a variational principle with respect to a geometrical quantity 
rather than from Lagrange multipliers. Therefore the only physical constraints on the connection in the metric-^afRne 
formulation of gravity should have the form of linear algebraic equations for the torsion tensor. 

The presented paper is a mathematical exercise that can give insights into possible geometrical integration of 
the bosonic part of the Glashow-Weinberg-Salam electroweak model [231 . [28j with gravitation. In the electroweak 
model, masses of gauge bosons arise naturally from spontaneous symmetry breaking (the Higgs mechanism) of the 
SU{2) X U (1) group [H,!!^. Gauge-boson masses have also been shown to arise when gauge invariance is spontaneously 
broken in higher-dimensional theories of gravity [s^l- In this paper we showed that projective-symmetry breaking can 
generate massive gauge bosons in four dimensions. To include four gauge bosons instead of one in the metric-affine 
formulation of gravity (and generate masses for three of them) we should introduce the covariant derivative acting 
on the electroweak spinor doublet (the fermionic part) (23| . Since the metric tensor and connection cannot describe 
spinors in curved spacetime, we should use the Einstein-Cartan-Kibble-Sciama formulation of gravity with the tetrad 
and spin connection as dynamical variables [Tl| and impose constraints on the Fock-Ivanenko coefficients that appear 
in the covariant derivative of a spinor [3l| . 
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